This article was downloaded by: [Tomsk State University of Control Systems and Radio]

On: 19 February 2013, At: 11:44

Publisher: Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

Molecular Crystals and Liquid Crystals Incorporating
Nonlinear Optics

Publication details, including instructions for authors and subscription information:
http://www.tandfonline.com/loi/gmcl17

Second Order Elasticity and Critical Thickness of Hybrid

Aligned Nematics Strongly Anchored on the Planar Side

Alfredo Strigazzi ®

% Dipartimento di Fisica, C.I.S.M., Politecnico di Torino, C. so Duca degli Abruzzi 24, 1-10129,
Torino, Italia
) P e Version of record first published: 20 Apr 2011.

To cite this article: Alfredo Strigazzi (1990): Second Order Elasticity and Critical Thickness of Hybrid Aligned Nematics
Strongly Anchored on the Planar Side, Molecular Crystals and Liquid Crystals Incorporating Nonlinear Optics, 179:1, 425-433

To link to this article: http://dx.doi.org/10.1080/00268949008055386

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-and-conditions

This article may be used for research, teaching, and private study purposes. Any substantial or systematic
reproduction, redistribution, reselling, loan, sub-licensing, systematic supply, or distribution in any form to
anyone is expressly forbidden.

The publisher does not give any warranty express or implied or make any representation that the contents
will be complete or accurate or up to date. The accuracy of any instructions, formulae, and drug doses should
be independently verified with primary sources. The publisher shall not be liable for any loss, actions, claims,
proceedings, demand, or costs or damages whatsoever or howsoever caused arising directly or indirectly in
connection with or arising out of the use of this material.



http://www.tandfonline.com/loi/gmcl17
http://dx.doi.org/10.1080/00268949008055386
http://www.tandfonline.com/page/terms-and-conditions

Downloaded by [Tomsk State University of Control Systems and Radio] at 11:44 19 February 2013

Mol. Cryst. Lig. Cryst., 1990, Vol. 179, pp. 425-433
Reprints available directly from the publisher
Photocopying permitted by license only

© 1990 Gordon and Breach Science Publishers S.A.
Printed in the United States of America

SECOND ORDER ELASTICITY AND CRITICAL THICKNESS OF HYBRID ALIGNED
NEMATICS STRONGLY ANCHORED ON THE PLANAR SIDE.

ALFREGO STRIGAZZI
Dipartimento di Fisica and C.I.S.M., Politecnico di Torino,
C.so Duca degli Abruzzi 24, 1-10129 Torino (Italia)

Abstract The second order bulk elastic constants, characterizing
The squares of second order derivatives of the director, deeply
influence the behavior of weakly anchored nematics. Here the
critical thickness of a Hybrid Aligned Nematic cell, strongly
anchored on the planar side, is calculated as a function of the
anchoring strength at the homeotropic side, of the mixed
splay-bend, and of the second order bulk elasticity.

INTRGDUCTION

The Hybrid Aligned Nematic (HAN) cell, i.e. a cell with homeotropic
anchoring at one wall and planar homogeneous anchoring at the other
one, was early proposed by Matsumoto et a].] as a suitable tool for
obtaining coloured displays.

But several authors in the last years showed the fundamental
interest of the HAN cell, either to measure the splay-bend elastic
ratio KH/K33 by means of die]ectm'c2 and opticatl methods3 or to study
flexoelectricity . Moreover, great attention has been devoted to

non-linear optical reorientation in HAN s’cructures5

, considering also
a finite boundary energye.

We stress the fact, that the presence of a weak anchoring deeply
influences the stability of a HAN cell: for instance, if we.consider a
weak anchoring on the homeotropic boundary, a HAN cell can be stable
only for a thickness d greater than a critical value dc'

The HAN critical thickness has been approximately evaluated for
the first time by Hochbaum and Labes7, and predicted in a rigorous way
by Barbero and Barberis, but neglecting the surface-like elasticity
due to mixed splay-bend contribution. Moreover, the first experimental
evidence of the existence of the critical thickness has been reportied

. 9 , L . . .
in ref.”, and the behavior of dc as a function of the elastic ratio
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K”/K33 has been discussed in ref.]o.

The analysis of ref.8 was correct from the point of view of
Oseen-Frank linear elastic theory: but if we generalize the elastic
theory]], by considering also the effect of the mixed splay-bend and
of second order elastic constants, coming from squares of second order

derivatives of the director n 12

, the critical thickness can be shown
to depend strictly on the new bulk second order elasticity.

In the present paper such a dependence of the critical thickness
is calculated, by restricting ourselves to the hypothesis of one bulk

second order elastic constant13.

THEORY

Let us consider a HAN cell weakly anchored only at the homeotropic
wall, z = 0, while at the planar homogeneous substrate, z = d, the
anchoring is strong (see figure 1: z is the co-ordinate normal to the
walls}.

By assuming that 8{(z) is the tilt angle, which the director n
forms with the x-axis (parallel to the prefixed orientation at z = d),
the distortion free energy of the cell in the generalized elastic

theory]3 is given by:
d
F=3ky, f[(l—ksinze) e'2+xe"2] dz +
0
1 2 _1 ! ;
+ 3w cos 90 3 K]3 8 o Sin 2 80 (n

where k =1 - (K33/K]1) is the bulk principal elastic anisotropy, x
= K*/Kn is the elastic ratio between the second order bulk- and the
splay~ elastic constant, W, is the anchoring sirength at the
homeotropic substrate‘4, and K13 is the mixed splay-bend elastic
constantls, the prime meaning the derivative with respect to z. By
introducing the reduced co-ordinate % = z/d, the Euler-Lagrange
equation writes:

b2 8"- (1 -k sin 8) 6+ (k/2) 8% sin 26 = 0 (2)
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where b = (K*/K1])£/d, and § = de/dn

A
r4
d 01=61'0
I
| "
-
e
7
z ////, 8o
0 X
©p=1/2+8¢

FIGURE 1. Hybrid Aligned Nematic {HAN) cell, weakly anchored at
the homeotropic wall (z = 0, easy direction 6 _ = m/2), and strongly

anchored at the planar one (z = d, easy directidn 9] = 0)

At the thereshold, for d — dc’ 8 -0 : thus eq. {2) becomes

b2 -8 -0 (3)

independent of the elastic anisotropy k, as expected.
The solution of eq. (3)

8(n)=Cmn+C, + ashi{n/b)+Bch(n/b) (4)

shall satisfy the linearized boundary conditions:
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s . )
b 8, - (1+R) B -£ 8 =0

2 -
b® 8 +R 80 =0

where R = K]3/K1] is the surface-bulk elastic ratio, é?o = K]]/ (wO d)
= Lo/d is the reduced de Gennes - K]eman16 extrapolation length at the
homeotropic wall, and the subscripts o, 1 are relevant to = 0, 7 =
1, respectively.

By substituting the solution (4) into the eq. (5) we deduce

1 ] sh(1/b) ch{l/b)
1+ R Zo! R/b Lo
=0 (6)
0 0 sh(1/b) ch(1/ b)
0 R 0 1+R

since the coefficient determinant must be zero, to avoid trivial
results.
Thus the critical thickness of the HAN-cell is obtained as

do= 1+ R/, R0 (7)
1
0 = % ° being a characteristic length, of the order of the molecular
interaction, which may reasonably range between ~ 100 A and ~ 1000 A.
DISCUSSION
First we note that eq. (7) is not a trivial application of the rule

found in ref. ]3, which is valid only for cells either homeotropic or

nomogeneous planar, but anyway with the two substrates having the same
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prefixed orientations (easy directions). In fact, dc = L, being the
critical thickness in the linear elastic theoryg, the above rule would
give d_ = Kyy/w' , with w'g =2(w0 -_?11 RZ/ 6 /01 - RIZ : thus eq.
(7) would be d. = (1 - R) /(L0 - R%/ 0 ), different from the
actual one.

Furthermore, dC strictly depends on Lo’ R, and 0 : hence optical
path measurements performed on a wedge-shaped cell, like that of
Barbero and Durandg, give information on (R, & ), provided the splay
constant and the anchoring strength are known, for instance through

experiment of polarized light transmission]7.

de [pm)

FIGURE 2. HAN- critical thickness d_ vs. the extrapolation length
L at the homeotropic wall, for thrée diffgrent values of the
cRaracteristic interaction Tength & = (K*/K,,)% = {0.01, 0.05, 0.10)
wn and of the surface-bulk elastic ratio & = K;,/Ky; = -0.5, 0.0,
0.5. Note that the curves,slopgs at L =0 are iﬁ%%p@ﬁdent of o0
being equal to (1 + R)* : t* are tfe tangent in the origin to the
curves R = £0.5, respectively, whereas the curve d {L_) for R = 0.0 is
a straight line. Thus it is possible, almost in p#%né%p]e, to measure
R independently of & . :
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How to determine R and & separately? Let us observe that the
initial slope of the characteristic dC(Lo) is given by:

(3d/ L) o= (1+R7 (8)

Lo=

Hence a set of measurements, performed on wedge-shaped cells with
the homeotropic wall having various anchoring strength, is able to
determine R , and consequently K]3 (see figure 2). Of course it is
necessary to know K]], and the anchoring strength W, must be
accurately controlled: the latter condition is not a simple task, at
the present state-of-the-art.

Afterwards, by substituting the obtained value of R into eq. (7),
an indirect measurement of & can be performed.

Figure 3a) shows the behavior of dc(Lo) for 6 =500 A and -1<
R € 0; moreover, in figure 3b) the same function is represented, for
the identical value of 4 and 0 <R <1,

It is straigthforward to cbserve that just one measurement of dc
give no sufficient information, even if & would be known, since each
point in the phase-plane (Lo, dc) belongs to two curves dc(LO),
characterized by a negative and a positive value of R, respectively: a
complete set of experimental points (LO, dc) to be fitted are
required.

Finally, it is noticeable that, should the homeotropic wall have

very weak anchoring strength (w0 0), so eq. (7) would become

4. free _ (14 r )26 (9)

free

whereas in this case the linear elastic theory would give dC =

This means that K13 destabilizes the homogeneous planar
anchoring, in competition with the effect of & (i. e. of K*): the
actual dC ree is enhanced as well as K* increases, for a given value

of K]3.
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FIGURE 3. HAN-critical thickness d_. as a function of the
extrapolation length L in the range 0, 10" um for a given value of
the characteristic length 6 = 0.05 wm. In a) the parameter R =
K.,/K;y ranges from -1 to 0, whereas in b} it ranges from 0 to 1. Note
tﬂgt uach point of the phase-plane (L_, d_ ) below the curve R = 0.0
belongs to one curve of a) and to another curve of b): the ambiguity
of finding the actual value of R can be solved only through a set of
measurements on cells with various extrapolation lengths,
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