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SECOND ORDER ELASTICITY AND CRITICAL THICKNESS OF HYBRID ALIGNED 
NEMATICS STRONGLY ANCHORED ON THE PLANAR SIDE. 

ALFREGO STRIGAZZI 
D ipa r t imen to  d i  F i s i c a  and C.I.S.M., P o l i t e c n i c o  d i  Tor ino,  
C.so Duca d e g l i  Abruzzi 24, 1-10129 Tor ino  ( I t a l i a )  

Abstract The second o rde r  bu l k  e l a s t i c  constants ,  c h a r a c t e r i z i n g  
t h e  squares o f  second o rde r  d e r i v a t i v e s  o f  t h e  d i r e c t o r ,  deeply  
i n f  1 uence t h e  behavior  o f  weakly anchored nematics. Here t h e  
c r i t i c a l  t h i ckness  o f  a H y b r i d  A l i gned  Nematic c e l l ,  s t r o n g l y  
anchored on t h e  p lana r  s ide ,  i s  c a l c u l a t e d  as a f u n c t i o n  o f  t h e  
anchor ing s t r e n g t h  a t  t h e  homeotropic s ide,  o f  t h e  mixed 
splay-bend, and o f  t h e  second o rde r  b u l k  e l a s t i c i t y .  

INTRODUCTION 

The H y b r i d  A l i gned  Nematic (HAN) c e l l ,  i . e .  a c e l l  w i t h  homeotropic 

anchor ing a t  one w a l l  and p lana r  homogeneous anchor ing a t  t h e  o t h e r  
one, was e a r l y  proposed by Flatsunioto e t  a l . ’  as a s u i t a b l e  t o o l  f o r  

o b t a i n i n g  co lou red  d i s p l a y s .  

But severa l  au tho rs  i n  t h e  l a s t  yea rs  showed t h e  fundamental 

i n t e r e s t  o f  t h e  HAN c e l l ,  e i t h e r  t o  measure the splay-bend e l a s t i c  

r a t i o  K11/K33 by means o f  d i e l e c t r i c 2  and o p t i c a l  methods3 o r  t o  s tudy  

f l e x o e l e c t r i c i t y  . Moreover, g rea t  a t t e n t i o n  has been devoted t o  

n o n - l i n e a r  o p t i c a l  r e o r i e n t a t i o n  i n  HAN s t r u c t u r e s  , cons ide r ing  a1 so 

a f i n i t e  boundary energy . 
We s t r e s s  t h e  f a c t ,  Chat t h e  presence o f  a weak anchor ing deeply  

i n f l u e n c e s  t h e  s t a b i l i t y  o f  a HAN c e l l :  f o r  instance,  i f  we cons ide r  a 

weak anchor ing on t h e  homeotropic boundary, a HAN c e l l  can be s t a b l e  

o n l y  f o r  a th i ckness  d g rea te r  than a c r i t i c a l  va lue  dc. 

The HAN c r i t i c a l  t h i ckness  has been approx imate ly  evaluated f o r  

t h e  f i r s t  t i n e  by Hochbaun and Labes , and p r e d i c t e d  i n  a r i g o r o u s  way 

by Barbero and Barbe r i  , bu t  n e g l e c t i n g  t h e  s u r f a c e - l i k e  e l a s t i c i t y  

due t o  n i x e d  splay-bend c o n t r i b u t i o n .  Moreover, t h e  f i r s t  exper imenta l  
evidence o f  t h e  ex i s tence  o f  -:he c r i t i c a l  th ickness has been r e p o r t e d  

i n  r?f.9, and t h e  behavior  of d 
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426 A. STEIGAZZI 

10 K l , / K 3 3  has been discussed i n  r e f .  . 
The analysis of re f .8  was cor rec t  from the  point of view of 

Oseen-Frank l i nea r  e l a s t i c  theory: b u t  i f  we generalize the  e l a s t i c  
theory”,  by considering a l so  the  e f f ec t  of t he  mixed splay-bend and 
o f  second order e l a s t i c  constants,  coning from squares of second order 
der iva t ives  of t he  d i r ec to r  n 1 2 ,  t he  c r i t i c a l  thickness can be shown 
t o  depend s t r i c t l y  on the  new bulk second order e l a s t i c i t y .  

In the present paper such a dependence of the c r i t i c a l  thickness 
i s  ca lcu la ted ,  by r e s t r i c t i n g  ourselves t o  the  hypothesis of one b u l k  

13 second order e l a s t i c  constant . 

THEORY 

Let us consider a HAN c e l l  weakly anchored only a t  t he  homeotropic 
wall ,  z = 0, while a t  t he  planar homogeneous subs t ra te ,  z = d ,  t he  
anchoring is  strong ( see  f igu re  1: z i s  the co-ordinate normal t o  the 
vial 1 s 1 . 

By assuming t h a t  e ( z )  i s  the t i l t  angle, which the  d i r ec to r  n 

f o r m  w i t h  the  x-axis ( p a r a l l e l  t o  t he  prefixed or ien ta t ion  a t  z = d ) ,  
t he  d i s to r t ion  f r e e  energy of t he  ce l l  i n  t he  generalized e l a s t i c  
iheory13 i s  given by: 

( 1  1 2 + 1 w cos Qo - $ K13 sin 2 e0 0 

where i s  the  b u l k  principal e l a s t i c  anisotropy, x 
= K*/Kl1  i s  the  e l a s t i c  r a t i o  between the  second order bulk- and the  
splay- e l a s t i c  constant,  wo i s  -:he anchoring strength a t  the  
homeotropic substrate14, and K13 i s  t he  mixed splay-bend e l a s t i c  
constani15, the  prime meaning the der iva t ive  with respect t o  z .  By 
introducing the  reduced co-ordinate 7 = z / d ,  the  Euler-Lagrange 
equat i on wri t e s  : 

k = 1 - ( K , 3 / K 1 1 )  

b2.8”- ( 1  - I< sin’ 9) ‘e ’+ ( k / 2 )  6’ sin 28 = 0 ( 2 )  
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2nd ELASTICITY and HAN CELLS 

1 where b = (K*/Kll ) / d ,  and Q = d0/dq . 

421 

- 

T- 

8, = 0 , - o  -- 

FIGURE 1. Hybrid Aligned Nematic (HAN) c e l l ,  weakly anchored a t  
8 = n /2 ) ,  and strongly the  honeotropic wall (z = 0 ,  easy d i rec t ion  

anchored a t  t he  planar one (z = d ,  easy d i rec t i8n  8, = 0) .  

A t  the thereshold, fo r  d -. dc, 9 - 0  : t h u s  eq. ( 2 )  becomes 

independent o f  t he  e l a s t i c  anisotropy k, as expected. 
The solution of eq. (3) 

shall  s a t i s f y  the l inearized boundary conditions: 
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428 A. STRIGhZZI  

b2  ;i - ( 1  + R )  i0 -go e0 = o 

b 2 ** $ + R 8 0 = 0  

q = 0 

*. I el = 0 

( 5 )  

where R = K13/Kll i s  t h e  su r face -bu lk  e l a s t i c  r a t i o ,  Y o  = Kll/ (wo d )  

= Lo/d i s  t h e  reduced de Gennes - Klenan" e x t r a p o l a t i o n  l e n g t h  a t  t h e  

homeotropic w a l l ,  and t h e  s u b s c r i p t s  0 ,  1 a re  r e l e v a n t  t o  q = 0, 7 = 

1, r e s p e c t i v e l y .  
By s u b s t i t u t i n g  t h e  s o l u t i o n  ( 4 )  i n t o  t h e  eq. ( 5 )  we deduce 

1 1 s h ( l 1 b  1 c h ( 1 l b )  

l + R  Yo-l R/b Yo-l 

0 0 s h ( l / b )  c h ( l / b )  

0 R 0 1 + R  

= 0 ( 6 )  

s ince  t h e  c o e f f i c i e n t  d e t e r n i n a n t  must be zero, t o  av d t r i v i a l  

r e s u l t s  . 
Thus t h e  c r i t i c a l  t h i c k n e s s  o f  t h e  HAW-cell i s  ob ta ined  as 

dc = ( 1  t R: / (Lo  -' t R2/ 6 (7) 

be ing  a c h a r a c t e r i s t i c  l eng th ,  o f  t h e  o rde r  o f  t h e  molecular  

2 

1 
d = x 

i n t e r a c t i o n ,  which nay reasonably  range between -100  A and -1000 A.  

DISCUSSION 

F i r s t  we no te  t h a t  eq. ( 7 )  i s  n o t  a t r i v i a l  a p p l i c a t i o n  o f  t h e  r u l e  

found i n  r e f .  13, which i s  v a l i d  o n l y  f o r  c e l l s  e i t h e r  homeotropic o r  

homogeneous p l a n a r ,  bu t  anyway w i  ti1 t h e  two subs t ra tes  hav ing  t h e  same 
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2nd ELASTICITY and WAN CELLS 429 

p r e f i x e d  o r i e n t a t i o n s  (easy d i r e c t i o n s ) .  I n  f a c t ,  dc = Lo be ing  t h e  

c r i t i c a l  t h i ckness  i n  t h e  l i n e a r  e l a s t i c  theory8,  t h e  above r u l e  would - 
g i v e  dc = K1 l /~ 'o ,  w i t h  R L /  6 ) / ( 1  - R I L  : thus eq. -' - R2/  6 1, d i f f e r e n t  f rom t h e  ( 7 )  would be dc = ( 1  - R )  / ( L o  

w l 0  = (w0 - K 11 2 

ac tua l  one. 
Furthermore, dc s t r i c t l y  depends on Lo, R, and 6 : hence o p t i c a l  

pa th  measurements performed on a wedge-shaped c e l l ,  l i k e  t h a t  o f  
Barber0 and Durand', g i v e  i n f o r m a t i o n  on ( R ,  6 1, p rov ided  t h e  sp lay  

cons tan t  and t h e  anchor ing s t r e n g t h  are known, f o r  i ns tance  through 
1 7  experiment o f  p o l a r i z e d  l i g h t  t ransmiss ion  . 

FIGURE 2 .  HAN- c r i t i c a l  t h i ckness  d vs. t h e  e x t r a p o l a t i o n  l e n g t h  
L a t  t h e  horneotropic w a l l ,  f o r  t h r g e  d i f f  r e n t  va lues o f  t h e  
c f i a r a c t e r i s t i c  i n t e r a c t i o n  l e n g t h  6 = (I<*/K 1]% = (0.01, 0.05, 0.10) 
p n  and of t h e  surface-bulk e l a s t i c  r a t i o  = I: /K = -0.5, 0.0, 
0.5. l l o te  t h a t  t h e  c u r v e s p l o p g s  a t  L = 0 a re  ir@epJnldent of 6 , 
be ing  equal t o  ( 1  + R )  : t- are  tt?e tangent  i n  t h e  o r i g i n  t o  t h e  
curves R = f0 .5 ,  r e s p e c t i v e l y ,  whereas t h e  curve d ( L  f o r  R = 0.0 i s  
a s t r a i g h t  l i n e .  Thus i t  i s  poss ib le ,  almost i n  p?in&ple, t o  x a s u r e  
R independent ly  of 6 . 

D
ow

nl
oa

de
d 

by
 [

T
om

sk
 S

ta
te

 U
ni

ve
rs

ity
 o

f 
C

on
tr

ol
 S

ys
te

m
s 

an
d 

R
ad

io
] 

at
 1

1:
44

 1
9 

Fe
br

ua
ry

 2
01

3 



430 A. STRIGAZZI 

How t o  determine R and 6 separa te l y?  L e t  us observe t h a t  t h e  

i n i t i a l  s l ope  o f  t h e  c h a r a c t e r i s t i c  dc (Lo )  i s  g iven  by: 

d dc/ d Lo)Lo=o = ( 1  + R )  2 
( 8 )  

Hence a s e t  o f  measurements, performed on wedge-shaped c e l l s  w i t h  

t h e  homeotropic w a l l  hav ing  v a r i o u s  anchor ing s t r e n g t h ,  i s  a b l e  t o  
determine R , and consequent ly  K13 (see f i g u r e  2 ) .  O f  course i t  i s  

necessary t o  know Kll, and t h e  anchor ing s t r e n g t h  wo must be 

a c c u r a t e l y  c o n t r o l l e d :  t h e  l a t t e r  c o n d i t i o n  i s  n o t  a s imp le  task ,  a t  

t h e  p resen t  s t a t e - o f - t h e - a r t .  

Af terwards,  by s u b s t i t u t i n g  t h e  ob ta ined  va lue  o f  R i n t o  eq. ( 7 1 ,  
an i n d i r e c t  measurement o f  6 can be performed. 

F i g u r e  3a) shows t h e  behavior  o f  dc(Lo)  f o r  6 = 500 A and -1<  

R < 0; moreover, i n  f i g u r e  3b) t h e  same f u n c t i o n  i s  represented,  f o r  

t h e  i d e n t i c a l  va lue  o f  6 and 0 < R < 1. 
It i s  s t r a i g t h f o r w a r d  t o  observe t h a t  j u s t  one measurement of dc 

g i v e  no s u f f i c i e n t  i n f o r m a t i o n ,  even i f  6 would be known, s i n c e  each 

p o i n t  i n  t h e  phase-plane ( L o ,  dc )  belongs t o  two curves dc (Lo ) ,  

c h a r a c t e r i z e d  by a n e g a t i v e  and a p o s i t i v e  va lue  o f  R ,  r e s p e c t i v e l y :  a 

complete s e t  o f  exper imenta l  p o i n t s  ( L o ,  dc) t o  be f i t t e d  a re  

r e q u i r e d .  
F i n a l l y ,  i t  i s  n o t i c e a b l e  t h a t ,  should t h e  homeotropic w a l l  have 

ve ry  weak anchor ing s t r e n g t h  (wo 01, so eq. ( 7 )  would become 

free = 00 whereas i n  t h i s  case t h e  l i n e a r  e l a s t i c  t h e o r y  would g i v e  d, 
T h i s  means t h a t  KI3 des tab i  1 i zes t h e  homogeneous p l  anar 

anchoring, i n  c o m p e t i t i o n  w i t h  t h e  e f f e c t  o f  6 ( i .  e. o f  K * ) :  t h e  

ac tua l  dc i s  enhanced as w e l l  as K* increases,  f o r  a g i ven  va lue  

o f  K13. 

f r e e  . 
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2nd ELASTICITY and HAN CELLS 43 1 

0 10 
L o  i ~ m l  

FIGURE 3. H A N - c r i t i c a l  th ickness d as a f u n c t i o n  o f  t h e  
e x t r a p o l a t i o n  l e n g t h  Lo i n  t h e  range 0, Id pm f o r  a g i ven  va lue  o f  
t h e  c h a r a c t e r i s t i c  l e n g t h  6 = 0.05 p m. !n a )  t h e  parameter R = 
I: /K ranges from - 1  t o  0, whereas i n  b )  i t  ranges f rom 0 t o  1. Note 
tiat 8 c h  p o i n t  o f  t h e  phase-plane ( L  , d c )  below t h e  cu rve  R = 0.0 
belongs t o  one cu rve  of a )  and t o  a n o h e r  curve o f  b ) :  t h e  ambigui ty  
o f  f i n d i n g  t h e  ac tua l  va lue  of R can be so lved o n l y  through a se t  o f  
measurements on c e l l s  w i t h  va r ious  e x t r a p o l a t i o n  l eng ths .  
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